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36 PEOBLEMS AND SOLUTIONS. [Jan., 

Since this result is positive the thickness given by (2) corresponds to a minimum focal length, 
as might be anticipated from purely physical considerations. 

It is thus clear that a reasonable interpretation of the statement of the problem leads to an 
analytical condition which is quite different from the given answer. The thickness of the lens 
cannot be considered negligible (as is often done in very elementary discussions of problems in 
geometrical optics) because the numerator of (2) cannot vanish when the upper sign is taken. 
In other words, t cannot be avoided in the final condition. 

In conclusion, attention may be called to the fact that each of dx/dri = 0, dx/drt = 0, 
dx/dfi = leads to a result which bears no relation to the given answer and hence t is the only 
sensible independent variable. 

349 (Calculus) [1913, 312]. Proposed by C. N. schmaix, New York City. 

If y = a cos (log x) +b sin (log x), eliminate the constants a and 6 and obtain the equation 

Solution by T. E. Mebgendahl, Tufts College. 

Taking the derivative of y, as given in the problem, and multiplying the result by x, we have 

x -T- = — a sin log x + b cos log x. 
dx 

Applying the same process to both sides of this equation, we find 

* 2 t^ + * -r = - (a cos log a; + 5 sin log x) - - y, 
ax 1 ax 

or 

Also solved by W. W. Beman, T. M. Blakslee, P. J. da Cunha, H. T. 
Davis, H. H. Downing, G. H. Gbaves, P. Hansen, A. M. Habding, W. L. 
Miseb, A. Pelletieb, Elijah Swift, and H. S. Uhleb. 

385 (Calculus) [1915, 161 ; 1919, 73]. Proposed by H. B. PHILLIPS, Massachusetts Institute 
of Technology. 

If f(x) is continuous between a and x, show that 



lim - ^ . f" • • • f"f(x)dx* = /(a). 



T. H. Gbonwall, New York City, offers the following criticism and comple- 
tion of the solution already published. 

First, the passage to the limit for n = » , which forms the last step (p. 74), requires justifica- 
tion (this is however easily done by using Taylor's theorem with remainder term). Second, the 
problem as proposed assumes only that f(x) is continuous, so that the use of the derivatives of 
f(x) is not permissible, since they may not exist. The following proof requires f(x) to be bounded 
in the interval from a to x and to be continuous only at the point a, but not in the whole interval. 
It is readily shown (integration by parts and complete induction) that 

£... £mdx* = — l_/; (x - e-wdt? 

writing J = a + t(x - a) and/({) = v(f), the formula to be proved becomes 

lim nf (1 - t)" -1 *>(0<« = *>(0) 



1 A proof of this relation may be found in Goursat-Hedrick's Mathematical Analysis, Vol. 
2, pt. II, p. 36. — Editors. 



